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In this paper, we test the weak cosmic censorship conjecture (WCCC) in the nearly extremal static charged
black holes of Lanczos-Lovelock-Maxwell gravity based on the new version of gedanken experiments proposed
by Sorce and Wald. After introducing the null energy condition of the matter fields, we show that the (nearly)
extremal black holes can be destroyed under the first-order approximation for the case with S′(rh) ≤ 0, where
S(rh) is the entropy of the background black hole geometry in Lanczos-Lovelock gravity. It implies that the
WCCC is violated in these situations. For the case with S′(rh) > 0, the nearly extremal black holes cannot be
overcharged by the new version of the gedanken experiments for both first- and second-order approximations
of perturbation. These results indicate that the WCCC is satisfied in the Lanczos-Lovelock gravity with the
condition S′(rh) > 0. Our work also implies that the WCCC will play a natural role to constrain the Lanczos-
Lovelock gravities. Finally, we also show that the destroy condition S′(rh)< 0 implies that the nearly extremal
black hole is thermodynamically unstable under the first-order approximation.
I. INTRODUCTION
The classical gravitational theories predict the curvature
singularity of spacetime. In most cases, it is completely ob-
scured by the event horizon. However, if the event horizon
is destroyed, the naked singularity would make the spacetime
unpredictable. In response to this problem, Penrose proposed
the weak cosmic censorship conjecture (WCCC) [1] to sup-
pose that the singularity is always hidden inside the event hori-
zon and therefore cannot be detected by the distant observers.
Because this conjecture still lacks universal proof until now,
it becomes one of the most outstanding unsolved questions
in classical gravities. To test this conjecture, Wald devised
a gadanken experiment to destroy an extremal Kerr-Newman
(KN) black hole by dropping a charged spinning test parti-
cle into the event horizon [2]. Their results showed that the
extremal KN black hole cannot be destroyed under the first-
order approximation and therefore the WCCC is valid. Nev-
ertheless, Hubeny showed that overcharging is possible for
a nearly extremal Reissner-Nordstrom (RN) black hole in the
test-body limit when the second-order effects are neglected
[3]. After that, numerical work showed that the self-force
effect may prevent Hubeny-type violations in the nearly ex-
tremal RN black holes [4] and Kerr black holes [5–8]. These
results has attracted a lot of researchers to extend the discus-
sion into some other stationary black holes [9–31].
Recently, Sorce and Wald suggested a new version of the
gedanken experiment in which they straightly consider the
full dynamical system of gravity and the perturbation mat-
ter fields. Then, the self-force effects, finite-size effects, and
any other second-order effects are taken into account automat-
ically in the gedanken experiments. Based on the covariant
phase space formalism [33–36] and the assumption of the null
energy condition of the perturbation matter fields, they de-
rived the first- and second-order perturbation inequalities for
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the mass and charge of the black hole. These two inequalities
reflected the null energy condition of the perturbation matter
fields under the first- and second-order approximation, indi-
vidually. As a result, they showed that the nearly extremal KN
black holes cannot be destroyed by the gedanken experiments
and therefore the WCCC is also valid under the second-order
approximation.
Most recently, the new version has been extended into vari-
ous gravitational theories [37–46]. All of them showed that
the nearly extremal black hole cannot be destroyed in the
gedanken experiments under the second-order approximation.
However, most of the results are only restricted to the cases
where the Einstein gravity couples to some ordinary mat-
ter fields, such as scalar field and nonlinear electromagnetic
fields. There doesn’t exist any evidence to show that the
WCCC is valid for any diffeomorphism-covariance gravity. In
fact, we will show that there are some violations of the WCCC
in some higher-curvature gravitational theories. Then, if we
treat the WCCC as a basic principle of the gravitational theo-
ries, it can be used to test which higher-curvature gravitational
theories are reasonable at the classical level.
As one of the most popular higher-curvature gravity, the
Lanczos-Lovelock gravities are the only natural extension of
Einstein’s theory of gravity in higher dimensions if we insist
that the field equations contain only up to the second-order
derivative of the metric [47, 48]. This theory is also free of
unphysical ghosts and admits consistent initial value formu-
lation [49, 50]. The stability of Lanczos-Lovelock gravity
is studied in a series of papers [54–60]. In these papers, it
has been shown that the charged black holes are stable un-
der vector-type perturbations, but there are some unstabili-
ties for the scalar-type and tensor-type perturbations. In the
following, we will perform the new version of the gadenken
experiment to test whether the nearly extremal static charged
black hole can be overcharged in the Lanczos-Lovelock gravi-
ties and discuss which conditions should be imposed to ensure
the validity of the WCCC.
The remaining of this paper is organized as follows. In Sec.
II, we briefly review the Lanczos-Lovelock theory of gravity
and discuss the geometry of the static charged spherical black
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2holes under the perturbation of the spherical charged matter
fields. We assume that the spacetime finally settles down to a
static state and the matter fields satisfy the null energy condi-
tion. In Sec. III, we review the covariant phase space formal-
ism [33–36] and derive the first two order variational identities
of Lanczos-Lovelock gravity. In Sec. IV, after assuming the
null energy condition of the matter fields and using the first-
order variational identity, we get the first-order perturbation
inequality for the mass and charge of the black hole. Based on
this inequality, we show that the WCCC no longer holds for
all the cases of the Lanczos-Lovelock gravity under the first-
order approximation. To be specific, the (nearly) extremal
black holes cannot be destroyed under the first-order approxi-
mation for the case with S′(rh)> 0, but destroyed for the case
with S′(rh)≤ 0, where S(rh) is the entropy of the background
black hole geometry in Lanczos-Lovelock gravity. The con-
dition S′(rh) < 0 also implies that the nearly extremal black
hole is thermodynamically unstable under the first-order ap-
proximation. This is the first time to find a violation of the
WCCC in gravitational theory after all of the effects are taking
into account. In Sec. V, we derive the second-order perturba-
tion inequality under the optimal condition of the first-order
perturbation inequality. Then, we show that the nearly ex-
tremal static charged black holes cannot be overcharged in the
above perturbation process under the second-order approxi-
mation for the case with S′(rh) > 0. Finally, the conclusion
and discussion are presented in Sec. VI.
II. PERTURBED CHARGED STATIC BLACK HOLE
GEOMETRIES
In this paper, we consider a general Lanczos-Lovelock
gravity coupled to a Maxwell field sourced by some extra mat-
ter fields in n-dimensional spacetime. The Lagrangian n-form
of this theory is given by
L=

16pi
[
kmax
∑
k=1
αk
2k
δ c1d1···ckdka1a2···akbkR
a1b1···akbk
c1d1···ckdk −FabF
ab
]
+Lmt
(1)
with
Ra1b1···alblc1d1···cldl = R
a1b1
c1d1
· · ·Ralblcldl , (2)
and kmax = [(n− 1)/2], in which the bracket [ • ] denotes a
ceiling function. Here  is the volume element of this space-
time, F = dA is the strength of the electromagnetic field A,
Lmt = Lmt is the Lagrangian n-form of the extra matter fields
which carry the stress energy tensor and electric current
Tab =
2√−g
δ
√−gLmt
δgab
, ja =
δLmat
δAa
, (3)
the parameter αk is some coupling constant with α1 = 1 such
that it is corresponding to Einstein gravity when the higher
curvature corrections are neglected, and
δ a1···akb1···bk = k!δ
[a1
b1
δ a2b2 · · ·δ
ak]
bk
. (4)
is the generalized Kronecker tensor. The equation of motion
can be written as
Gab = 8pi
(
TEMab +Tab
)
,
∇aFba = 4pi jb ,
(5)
with
Gba =−
kmax
∑
k=1
αk
2k+1
δ ba1b1···akbkac1d1···ckdk R
c1d1···ckdk
a1b1···akdk ,
TEMab =
1
4pi
(
FacFbc− 14gabFcdF
cd
)
.
(6)
When the extra matter fields vanish, this theory admits a static
charged black hole solution given by [51–53]
ds2 =− f (r)dv2+2drdv+ r2dΩ2n−2 ,
A=− 4piQ
(n−3)Ωn−2rn−3 dv
(7)
with the blackening factor f (r) which is solved from the alge-
braic equation
H
(
1− f (r)
r2
)
=
16piM
Ωn−2rn−1
− 32pi
2Q2
(n−3)Ω2n−2r2(n−2)
(8)
where H(x) is a polynomial function
H(x) =
kmax
∑
k=0
(n−2)!αkxk
(n−2k−1)! . (9)
Here the parameters M and Q denotes the mass and elec-
tric charge of this spacetime, separately. Ωn−2 =
2pi(n−1)/2/Γ[(n − 1)/2] is volume of the unit (n − 2)-
dimensional sphere with the line element
dΩ2n−2 = dθ1+ sin
2 θ1dθ 22 + · · ·+ sin2 θ1 · · ·sin2 θn−3dθ 2n−2 .
(10)
Next, we will focus on the black hole solutions which con-
tain at least two Killing horizons. The radius rh of the event
horizon is given by the largest root of the blackening factor
f (r). If there does’t exist a root of f (r), it describes a naked
singularity. For the black hole case, The corresponding tem-
perature, electric potential, and entropy are expressed as
T =
f ′(rh)
4pi
, Φ=
4piQ
(n−3)Ωn−2rn−3h
,
S=
Ωn−2
4
kmax
∑
k=1
k(n−2)!αkrn−2kh
(n−2k)! .
(11)
Here the black hole entropy can be obtained from the Wald
entropy [34] or Jacobson-Myers entropy [61]. One can ver-
ify that the first law of this black hole is satisfied, i.e., δM =
TδS+ΦHδQ. Moreover, if it also satisfies f ′(rh) = 0, this so-
lution describes an extremal black hole. The mass and electric
charge of the extremal black hole satisfy the constraints,
M =
Ωn−2rn−3h
8(n−3)pi
[
(n−2)r2hH(r−2h )−H ′(r−2h )
]
,
Q2 =
Ω2n−2r
2(n−3)
h
32pi2
[
(n−1)r2hH(r−2h )−2H ′(r−2h )
]
.
(12)
3In the following, we consider a one-parameter family φ(λ )
of the field configurations, in which φ(0) is a static charged
black hole solution as shown in Eq. (7) and φ(λ ) with
non-zero λ is a dynamic spherically symmetric solution of
Lanczos-Lovelock-Maxwell gravity sourced by some spher-
ical charged matter fields in a finite region of the spacetime.
Here we denote φ(λ ) to gab(λ ),A(λ ) and other charged mat-
ter fields. The equation of motion is given by
Gab(λ ) = 8pi
[
TEMab (λ )+Tab(λ )
]
,
∇(λ )a Fba(λ ) = 4pi jb(λ ) .
(13)
The above equations of motion indicate that the configura-
tion φ(λ ) is treated as a full dynamics system where the self-
force effects, finite-size effects, and any other effects are taken
into account automatically. These effects are also showed to
prevent Hubeny-type violations [3] in the nearly extremal RN
black holes [4] and Kerr black holes [5–8]. When λ is a small
parameter, the dynamical process can be regarded as a pertur-
bation.
Generally, we can describe this dynamical geometry by the
following line element,
ds2(λ ) =− f (r,v,λ )dv2+2µ(r,v,λ )dvdr+ r2dΩ2n−2,(14)
in which f (r,v,0) = f (r) and µ(r,v,0) = 1 for the background
spacetime. For later convenience, we choose a gauge condi-
tion such that
ξ aAa(λ )|r=rh = 0 , (15)
in which
ξ a =
(
∂
∂v
)a
(16)
is a static Killling vector field of the background geometry,
rh is the horizon radius of the background geometry. In the
family described by the line element (14), ξ a and rh are inde-
pendent of the parameter λ .
With a similar setup of [32], we assume that all the charged
matter goes into the black hole through a finite portion of the
future horizon (as shown in Fig.1) and the spacetime finally
settles down to a static state which can also be described by the
class of the static charged solution of Lanczos-Lovelock grav-
ity with different electric charge and mass labeled by λ , i.e.,
at asymptotic future, the dynamical fields can be expressed as
ds2(λ ) =− f (r,λ )dv2+2drdv+ r2dΩ2n−2 ,
A=
4piQ(λ )
(n−3)Ωn−2
(
1
rn−3h
− 1
rn−3
)
dv
(17)
with the blackening factor f (r,λ ) which is given by
H
(
1− f (r,λ )
r2
)
=
16piM(λ )
Ωn−2rn−1
− 32pi
2Q2(λ )
(n−3)Ωn−2r2(n−2)
.(18)
The above assumption also implies that Tab(λ ) and jb(λ ) are
vanishing at the sufficiently late times. This is essentially a
B
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)(
FIG. 1. A spacetime diagram of the dynamical configuration φ(λ )
showing charged matter falling into a nonextremal black hole. Σ0 is
a hypersurface determined by r = rh, where rh is the horizon radius
of the background geometry φ(0). Different from the choice in [32]
whereH is a null hypersurface, Σ0 is not a null hypersurface in the
configuration φ(λ ) with the line element ds2(λ ) because rh is only
the horizon radius of the background geometry.
linear stability assumption as introduced in [32]. Our spher-
ically perturbation process is belong to the scalar-type per-
turbations. In Ref. [59], the author studied the stability of
the charged Lanczos-Lovelock black holes with the coupling
constant αk ≥ 0 for k ≥ 2. It has been shown that the black
holes are unstable for the scalar-type perturbation if the func-
tion 2T ′2−T T ′′ has negative regions outside the horizon,
in which
T (r) = rn−3H ′
(
1− f (r)
r2
)
. (19)
However, there still no further investigations to show the sta-
bilities of more general cases. As mentioned in Sec. IV of
Ref. [32], if the nonextremal black hole were linearly unsta-
ble, there would be no need to attempt to overcharge or over-
spin it in order to destroy it. Therefore, in this paper, we only
consider the case where the black hole is linearly stable under
the above perturbation process.
III. COVARIANT PHASE SPACE FORMALISM AND
VARIATIONAL IDENTITIES
In this section, we would like to review the covariant phase
space formalism [33–36] of the Lanczos-Lovelock-Maxwell
gravity and derive the first- and second-order variational iden-
tities. In the following, we focus on the off-shell variation of
Lanczos-Lovelock gravity coupled to the Maxwell field. The
Lagrangian n-form we considered is expressed as
L=

16pi
[
kmax
∑
k=1
αk
2k
δ c1d1···ckdka1a2···akbkR
a1b1···akbk
c1d1···ckdk −FabF
ab
]
. (20)
Taking a variation of the above action, we have
δL=Eφδφ +dΘ(φ ,δφ) , (21)
4with
Eφδφ =−
(
1
2
T abδgab+ jaδAa
)
,
Θ(φ ,δφ) =ΘLL(φ ,δφ)+ΘEM(φ ,δφ) .
(22)
in which
ΘLLa1···an−1 =−
1
8pi
ba1···an−1P
acbd∇aδgcd ,
ΘEMa1···an−1 =−
1
4pi
ba1···an−1F
bcδAc ,
(23)
are the gravitational part and electromagnetic part of the sym-
plectic potential Θ(φ ,δφ). Here we have denoted
Pcdab =
1
16pi
kmax
∑
k=1
kαk
2k
δ cdc2d2···ckdkaba2b2···akbkR
aba2b2···akbk
cdc2d2···ckdk . (24)
Utilizing the symplectic potential, we can define the symplec-
tic current as
ω(φ ,δ1φ ,δ2φ) = δ1Θ(φ ,δ2φ)−δ2Θ(φ ,δ1φ) , (25)
and it can also be written as
ω(φ ,δ1φ ,δ2φ) = ωLL(φ ,δ1φ ,δ2φ)+ωEM(φ ,δ1φ ,δ2φ)
(26)
with
ωLLa1···an−1(φ ,δ1φ ,δ2φ) =
1
8pi
[
δ2
(
ba1···an−1P
acbd
)
∇aδ1gcd
−δ1
(
ba1···an−1P
acbd
)
∇aδ2gcd
]
ωEMa1···an−1(φ ,δ1φ ,δ2φ) =−
1
4pi
[
δ1(ba1···an−1F
bc)δ2Ac
−δ2(ba1···an−1Fbc)δ1Ac
]
.
(27)
Based on the above expressions, we can define a Noether cur-
rent (n−1)-form corresponding to the vector field ζ a as
Jζ =Θ(φ ,Lζφ)−ζ ·L , (28)
where we have denoted
(ζ ·η)a2···al = ζ bηba2···al (29)
for any l-form η. From the calculation in [36], this current
can also be expressed as
Jζ =Cζ +dQζ , (30)
in which
(Cζ )a2···an−1 = ba2···an−1(Ta
b+Aa jb)ζ a ,
Qζ =Q
LL
ζ +Q
EM
ζ
(31)
with
(QLLζ )a1···an−2 =−
1
16pi
aba1···an−2P
abcd∇cζd ,
(QEMζ )a1···an−2 =−
1
8pi
aba1···an−2F
abAcζ c
(32)
are the constraint and Noether charge of this gravitational the-
ory, separately. Next, we consider the static Killing vector
ξ a = (∂/∂v)a of the background geometry. Using the above
expressions as well as the fact that Tab = jb = Lξφ = 0 for
the background fields, the first- and second-order variational
identities can be derived and expressed as[32]
d[δQξ −ξ ·Θ(φ ,δφ)]+δCξ = 0 ,
d[δ 2Qξ −ξ ·δΘ(φ ,δφ)] = ω
(
φ ,δφ ,Lξδφ
)
−ξ ·δEφδφ −δ 2Cξ ,
(33)
where we have denotedLζ to the Lie derivative with respect
to the vector field ζ a.
IV. GEDANKEN EXPERIMENTS UNDER THE
FIRST-ORDER APPROXIMATION
Now we shall investigate whether the static charged black
holes of the Lanczos-Lovelock gravity can be overcharged in
the above physical process. Because of the assumption that
the spacetime finally settles down to a static state, it is equiv-
alent to checking whether the spacetime geometry at asymp-
totic future also describes a black hole. Therefore, we define
a function
h(λ ) = f (rm(λ ),λ ) (34)
to describe the minimal value of the blackening factor in the
asymptotic future. Here rm(λ ) is the minimal radius of the
blackening factor f (r,λ ), and it can be obtained by
f ′(rm(λ ),λ ) = 0 . (35)
The WCCC is violated if h(λ ) > 0. From the above expres-
sions, we can see that if the background spacetime is not a
nearly extremal black hole (or extremal black hole), the zero-
order perturbation will be positive and the higher-order cor-
rections can be neglected. Then, the black hole cannot be
overcharged. Therefore, in order to destroy the event hori-
zon, the background spacetime should be assumed as a nearly
extremal black hole. For the nearly extremal static charged
black holes, we can define a small parameter ε such that
rm = (1− ε)rh and choose it to be the same order of λ . In
the one-parameter family φ(λ ), the pth-order variation of any
quantity χ(r,v,θ1, · · · ,θn−2,λ ) is defined by
δ pχ(r,v, · · · ,λ )≡ ∂
pχ(r,v, · · · ,λ )
∂λ p
∣∣∣∣
λ=0
, (36)
which implies that we fix the coordinates {v,r,θ1, · · ·} un-
der the variation. The variation of the mass and charge are
given by δM =M′(0),δ 2M =M′′(0) and δQ=Q′(0),δ 2Q=
Q′′(0). Then, under the first-order approximation of perturba-
tion, we have
h(λ ) = λδ f (rm)+O(λ 2)
= λδ f (rh)+O(λ 2,λε)
(37)
5where we have denoted
δ f (rh/m) =
∂ f (r,λ )
∂λ
∣∣∣∣
λ=0,r=rh/m
, (38)
and O(x) represents the same order or higher order infinitesi-
mal quantity of x. From Eq. (18), we can further obtain
h(λ ) =− 16piλ
Ωn−2rn−3h H ′(r
−2
h )
(δM−ΦδQ)+O(λ 2,λε)
=− 4piλ
S′(rh)
(δM−ΦδQ)+O(λ 2,λε) .
(39)
Next, we would like to utilize the first-order variational
identity and null energy condition to judge the sign of h(λ ) at
the first-order approximation of perturbation. To do this, we
introduce a hypersurface Σ = Σ1 ∪Σh as shown in the Fig.1,
in which Σh is a portion of the hypersurface r= rh connecting
the bifurcation surface B and a cross-section B1 at sufficiently
late times, and Σ1 is a time-slice connecting the cross-section
B1 and infinity S∞ at asymptotic future. According to the setup
of this collision process, the dynamical fields on the hypersur-
face Σ1 can be expressed in Eq. (17).
Taking an integration of the first-order variational identity
in Eq. (33) on the hypersurface Σ, we can further obtain∫
S∞
[
δQξ −ξ ·Θ(φ ,δφ)
]
+
∫
Σh
δCξ = 0 . (40)
Here we have used the assumption that the perturbation van-
ishes on the bifurcation surface B. The second term only
depends on Σh because δCξ vanishes on Σ1 by the assump-
tion that there are no sources outside the hypersurface r = rh
at late times. Using the explicit expressions of the dynamical
fields in (17) at late times, we can further obtain the gravita-
tional part of the first term at the left-hand side and it is given
by ∫
S∞
[
δQLLξ −ξ ·ΘLL(φ ,δφ)
]
= δM . (41)
For the electromagnetic part, a straightforward calculation
gives ∫
S∞
QEMξ (λ ) =−
4piQ2(λ )
(n−3)Ωn−2rn−3h
,
∫
S∞
ξ ·ΘEM(φ(λ ),φ ′(λ )) =− 4piQ(λ )Q
′(λ )
(n−3)Ωn−2rn−3h
.
(42)
Using the above results, we can further obtain∫
S∞
[
δQEMξ −ξ ·ΘEM(φ ,δφ)
]
=−ΦHδQ . (43)
Summing these results, the identity (40) becomes
δM−ΦHδQ=−
∫
Σh
δCξ =
∫
Σh
˜δT rv . (44)
where we have used the assumption that jb = Tab = 0 in the
background configuration as well as the gauge choice of the
electromagnetic field such that Aa(λ )ξ a = 0 on Σh. Here we
have denoted X rv = X
b
a ξ a(dr)b and Xrr = Xab(∂/∂ r)a(∂/∂ r)b
to the components of the tensor Xab, and ˜ is the volume ele-
ment on Σh, which is defined by ˜= h(r)dv∧ ˆ with
ˆ= rn−2
[
n−3
∏
i=1
sinn−2−i θi
]
dθ1∧·· ·∧dθn−2 , (45)
In the following, we shall connect the above result to the
null energy condition of the matter fields, which state that
Tab(λ )ka(λ )kb(λ ) ≥ 0 for any future-pointing null vector
field ka(λ ). In this paper, we choose the null vector field as
ka(λ ) = ξ a+
f (r,v,λ )
2µ(r,v,λ )
(
∂
∂ r
)a
. (46)
Using the expression
(dr)a =
1
h(r,v,λ )
[
ξ a+
f (r,v,λ )
µ(r,v,λ )
(
∂
∂ r
)a]
. (47)
It is not hard to verify that
Tab(λ )ka(λ )kb(λ ) = h(r,v,λ )T rv (λ )+
f 2(r,v,λ )
4µ2(r,v,λ )
Trr(λ ) ,
(48)
Considering the fact that f (rh,v,0) = f (rh) = 0, T rv (0) = 0
and µ(r,v,0) = 1, the null energy condition implies
Tab(λ )ka(λ )kb(λ ) = λδT rv +O(λ
2)≥ 0 (49)
on the hypersurface r= rh. Combing the first-order variational
identity (44), we have
δM−ΦHδQ≥ O(λ ) . (50)
From the above results, we can see that the sign of h(λ )
under the first-order approximation of perturbation is depen-
dent on the sign of S′(rh). If S′(rh) < 0, we have h(λ ) ≥ 0 .
This means that the black hole is overcharged after the per-
turbation matter fields drop into the event horizon and there-
fore the WCCC will be violated. Moreover, because the black
hole can be destroyed in the first order, it is not necessary to
consider the higher-order approximation. For the case with
S′(rh) = 0, from the expression of the line element at asymp-
totic future in (17), we can see that this case can only occur
when δM = ΦHδQ. However, we can see that if it is this
situation, there doesn’t exist any constraint on δ f (rh), and
therefore the WCCC can be violated.
If S′(rh) > 0, we have h(λ ) ≤ 0, which implies that the
black hole cannot be overcharged under the first-order ap-
proximation of perturbation. However, there is an optimal
condition such that h(λ ) = 0 under the first-order approxi-
mation, i.e., the first-order perturbation inequality is saturated
and therefore we have δT rv = 0 on Σh. In this condition,
because h(λ ) vanishes at first-order, we need to consider the
second-order approximation of h(λ ) to judge its sign.
6V. GEDANKEN EXPERIMENTS UNDER THE
SECOND-ORDER APPROXIMATION
As mentioned in the last section, in the following, we eval-
uate the value of h(λ ) at second order for the case with
S′(rh) > 0 under the optimal condition of the first-order per-
turbation inequality. First of all, we would like to derive the
second-order perturbation inequality in this situation. In-
tegration of the second-order variational identity (33) on Σ
yields ∫
S∞
[
δ 2Qξ −ξ ·δΘ(φ ,δφ)
]
=−
∫
Σh
ξ ·δEφδφ −
∫
Σh
δ 2Cξ +EΣ(φ ,δφ)
(51)
where we denote
EΣ(φ ,δφ) =
∫
Σ
ω(φ ,δφ ,Lξδφ) . (52)
Here the first two terms at the right-hand side only depend
on Σh as Tab(λ ) = ja(λ ) = 0 on Σ1 from (17). Moreover,
because ξ a = (∂/∂v)a is a tangent vector on Σh (i.e., r = rh),
the first term at the right-side vanishes. Since we have chosen
a gauge to fix the coordinate {v,r, · · ·} in the variation, from
the late-time geometry (17), we can see that Lξgab(λ ) = 0
on Σ1, which implies that Lξδgab = 0 on Σ1. That is to say,
the last term only depends on the hypersurface Σh. Using the
explicit expressions of the late-time dynamical fields in (17),
the gravitational part at the right-hand side gives∫
S∞
[
δ 2Qgravξ −ξ ·δΘgrav(φ ,δφ)
]
= δ 2M . (53)
For the electromagnetic part, from Eq. (42), a straightforward
calculation gives∫
S∞
[
δ 2QEMξ −ξ ·δΘEM(φ ,δφ)
]
=
[∫
S∞
∂ 2QEMξ (λ )
∂λ 2
−ξ · ∂Θ
EM(φ(λ ),φ ′(λ ))
∂λ
]
λ=0
=−ΦHδ 2Q− 4piδQ
2
(n−3)Ωn−2rn−3h
.
(54)
Combining the above results, we have
δ 2M−ΦHδ 2Q− 4piδQ
2
(n−3)Ωn−2rn−3h
= Eh−
∫
Σh
δ 2Cξ
=
∫
Σh
˜δ 2T rv +Eh ,
(55)
in which we have denoted
Eh =
∫
Σh
ω(φ ,δφ ,Lξδφ) , (56)
and used the optimal condition δT rv = 0 of the first-order per-
turbation inequality as well as the gauge condition Aa(λ )ξ a =
0 on Σh. Next, we are going to connect the above results to the
null energy condition under the first-order optimal condition
δT rv |rh = 0. From Eq. (48), we can further obtain
Tab(λ )ka(λ )kb(λ ) =
λ 2
2
δ 2T rv +O(λ
3)≥ 0 , (57)
on the hypersurface Σh. Combing the second-order variational
identity, the null energy condition implies that
δ 2M−ΦHδ 2Q− 4piδQ
2
(n−3)Ωn−2rn−3h
≥ Eh+O(λ ) , (58)
Finally, we would like to evaluate the quantity Eh, which
can be divided into the gravity part and electromagnetic part,
separately. For the electromagnetic part, with a same calcula-
tion of Eq. (106) in [34], using the gauge condition ξ aδAa= 0
on Σh, it is not difficult to obtain∫
Σ0
ωEM(φ ,δφ ,Lξδφ) =−
1
2pi
∫
Σh
aa1···an−1ξ
bδFacδFbc
=
1
2pi
∫
Σh
˜δFacδFbc(dr)aξ b .
(59)
From the expression of the stress-energy tensor for the elec-
tromagnetic field, we have
δ 2(TEM)ab(dr)aξ
b =
1
2pi
δFacδFbc(dr)aξ b
+
1
4pi
δ 2Fac(dr)aFbcξ b+
1
4pi
Fac(dr)aξ bδ 2Fbc .
(60)
Using the explicit expression of the background configuration,
we can see that ξ bFbc ∝ (dr)c and Fac(dr)a ∝ ξ c, which im-
plies that the last two terms vanish. Then, we have∫
Σ0
ωEM(φ ,δφ ,Lξδφ) =
∫
Σh
˜δ 2(TEM)rv . (61)
Using the explicit expression of the background configuration,
we can further find that (TEM)rv = 0 in the background geom-
etry. Considering the gauge condition ξ aAa(λ ) = 0 on Σh, we
can also obtain δ (TEM)rv = 0 on Σh. Combining these results,
with a similar calculation to Eq. (57), the null energy condi-
tion of the electromagnetic field implies∫
Σ0
ωEM(φ ,δφ ,Lξδφ)≥ O(λ ) . (62)
Using the explicit expression of the line element, we have
Rrivi = y=
2 f∂vµ−µ∂v f
2rµ3
, Ri ji j = x=
µ2− f
r2µ2
, (63)
with i 6= j, where the indices i, j denote the coordinates
{θ1, · · · ,θn−2}. Considering the result that δ (TEM)rv = 0 on
the background geometry, the optimal condition of the first-
order inequality gives δGrv = 0 on Σh. Using Eq. (63), we
have
Grv =−
kmax
∑
k=1
αk
2k+1
δ ra1b1···akbkvc1d1···ckdk R
c1d1
a1b1
· · ·Rckdkakbk
=−
kmax
∑
k=1
kαk(n−2)!
(n−2k−1)!x
k−1y ,
(64)
7which gives
δGrv =−
kmax
∑
k=1
kαk(n−2)!
(n−2k−1)!
[
xk−1δy+(k−1)xk−2yδx
]
r=rh
=
kmax
∑
k=1
kαk(n−2)!∂vδ f
2(n−2k−1)!r2k−1h
=
2S′(rh)
Ωn−2
rnh∂vδ f .
(65)
For the case with S′(rh) > 0, the optimal condition of first-
order perturbation inequality can be shown as ∂vδ f (rh,v) = 0.
Considering the assumption that the perturbation vanishes on
the bifurcation surface, i.e., δ f (rh,vB) = 0, we can see that
the optimal condition also implies δ f (rh,v) = 0 for any v.
Then, we turn to evaluate the gravitational part of Eh. Under
the optimal condition, we can get
δRrivi = δR
i j
i j = 0 . (66)
Then, it is not difficult to check that
δ1
(
µPacrd
)
∇aδ2gcd ∝ δ1µ(∂vδ2µ+∂rδ2 f )
+δ2µ(∂vδ1µ+∂rδ1 f )+O(ε)
(67)
on Σ0, where we have used the optimal condition that
δ f (rh,v) = 0 and the fact that the background spacetime is
a nearly extremal black hole such that f ′(rh) = O(ε). From
the above expression, we can see that the variational operators
δ1 and δ2 are symmetric, which indicate that∫
Σh
ωLL(φ ,δ1φ ,δ2φ) = O(ε) . (68)
From these results, we have
Eh ≥ O(λ ,ε) . (69)
Then, The second-order perturbation inequality (58) reduces
to
δ 2M−ΦHδ 2Q− 4piδQ
2
(n−3)Ωn−2rn−3h
≥ O(λ ,ε) . (70)
Next, we evaluate the value of h(λ ) under the second-order
approximation of perturbation for the case with S′(rh) ≥ 0.
Under the second-order approximation of λ , we have
h(λ ) = f (rm)+λδ f (rm)
+
λ 2
2
[
δ 2 f (rm)+2δ rmδ f ′(rm)+δ r2m f
′′(rm)
]
+O(λ 3)
(71)
For the zero-order term of λ , we have
f (rm) =−12ε
2r2h f
′′(rh)+O(ε3) . (72)
For the first-order term, according to Eq. (35) as well as the
definition of the blackening factor, we can get
δ f (rm) =− 16piΩn−2T (rm)
(
δM− 4piQδQ
(n−3)Ωn−2rn−3m
)
=− 4pi
S′(rh)
[δM−ΦHδQ− (n−3)εΦHδQ]+O(ε2)
=
4pi(n−3)εΦHδQ
S′(rh)
+O(ε2)
(73)
in which the last step used the optimal condition of first-order
perturbation inequality. Variation of Eq. (35) gives
δ 2 f (rh) =− 4piS′(rh)
[
δ 2M−ΦHδ 2Q− 4piδQ
2
(n−3)Ωn−2rn−3h
]
,
δ f ′(rh) =−4pi(n−3)ΦHδQrhS′(rh) ,
δ rm =
4pi(n−3)ΦHδQ
rh f ′′(rh)S′(rh)
+O(ε) .
(74)
Combing the above results and together with the second-order
perturbation inequality, we can further obtain
h(λ )≤− [4(n−3)piλΦHδQ− r
2
hεS
′(rh) f ′′(rh)]2
2r2hS
′(rh)2 f ′′(rh)
+O(λ 3,λ 2ε, · · ·) .
(75)
Substituting f ′′(rh) = f ′′(rm)+O(ε) into the above identity,
we have
h(λ )≤− [4(n−3)piλΦHδQ− r
2
hεS
′(rh) f ′′(rh)]2
2r2hS
′(rh)2 f ′′(rm)
+O(λ 3,λ 2ε, · · ·) .
(76)
Note that f ′′(rm)≥ 0 for the nearly extremal black holes. Un-
der the second-order approximation of perturbation, where
the O(λ 3,λ 2ε,λε2,ε3) term and higher-order term are ne-
glected, we have h(λ ) ≤ 0. This result shows that the nearly
extremal static charged black hole cannot be overcharged in
the above perturbation process under the second-order ap-
proximation. Therefore, the WCCC is valid for the Lanczos-
Lovelock-Maxwell gravity with the condition S′(rh)> 0.
VI. CONCLUSION AND DISCUSSION
In this paper, we tested the WCCC in the nearly extremal
static charged black holes in Lanczos-Lovelock-Maxwell
gravity by using the new version of the gedanken experiments
proposed by Sorce and Wald [32]. After assuming that the
perturbed spacetime finally settles down to a static state and
the matter fields satisfy the null energy condition, we found
that the black hole horizons cannot be destroyed for the case
with S′(rh)> 0 under the second-order approximation of per-
turbation, and however it can be overcharged for the case with
S′(rh) ≤ 0 even though we only consider the first-order ap-
proximation. This indicates that the WCCC will give a con-
straint on the Lovelock gravitational theories. As an example,
we can consider a third-order Lovelock gravity with the non-
vanishing parameters α0,α1 = 1,α2 and α3. If we demand the
condition S′(rh) > 0 is satisfied for all of the extremal black
holes in Lanczos-Lovelock gravity, we can get a constraint of
the parameters and it can be expressed as
α3 > 0 , α2 < (n−5)(6−n)
√
3(n−7)!α3
(n−3)! . (77)
8That is to say, WCCC will play a natural role to constraint
a gravitational theory. Next, we would like to connect the
condition S′(rh)> 0 to the thermodynamical properties of the
nearly extremal black hole in the Lanczos-Lovelock-Maxwell
gravity. The specific heat of the black hole is
CQ = T
∂S(rh)
∂T
∣∣∣∣
Q
=
f ′(rh)
2pi
S′(rh)
∂ rh(T,Q)
∂T
∣∣∣∣
Q
.
(78)
Then, from the identities f (rh,M,Q) = 0 and T =
(1/4pi)∂r f (rh,M,Q), we can further obatin
∂ rh(T,Q)
∂T
=
∂M f
− f ′(rh)∂r∂M f +∂M f f ′′(rh) . (79)
Using the result f ′(rm)= 0 with rm= rh(1−ε), we can further
obtain
f ′(rh) = εrh f ′′(rm) = εrh f ′′(rh)+O(ε2) . (80)
Then, we have
CQ =
εrhS′(rh)
2pi
+O(ε2). (81)
That is to say, under the first-order approximation, CQ has
the same signature with S′(rh). When S′(rh) is negative, the
spacetime is thermodynamically unstable. This result indi-
cates some deep connections between the WCCC and ther-
modynamics of the black holes.
Moreover, from the viewpoint of the loop quantum gravity,
the entropy of the black holes represents the number of the
microstates of the gravity on the horizon. Therefore, the con-
dition S′(rh) > 0 implies that there would be more zoom for
microstates when the black hole gets bigger. In this perspec-
tive, this condition may be reasonable for our universe.
Finally, it should be mentioned that we only consider the
perturbation which has strictly spherical symmetry. The story
may be changed if we consider more general cases with small
asymmetries. These further investigations would left for our
future work.
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